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Abstract We construct a measure of entanglement for general pure multipartite states based
on the Pliicker coordinates of the Grassmann variety. In particular, we step by step construct
measures of entanglement for general pure bipartite, three-partite, four-partite, and m-partite
states.

1 Introduction

In the field of quantum information theory it is very important to get a deep understand-
ing of quantum entanglement. However, the quantification of multipartite entangled states is
not an easy task and it usually relies on higher mathematical tools from different branches
of mathematics. In recent years, there has been a lot of activity to quantify such entangled
states and still this problem is not completely solved even for pure multipartite states. A lin-
early homogeneous positive functions of unnormalized pure states invariant under stochastic
local quantum operation and classical communication (SLOCC) transformations give entan-
glement monotones [1]. The authors also have presented a general mathematical framework
to describe local equivalence classes of multipartite quantum states under the action of lo-
cal unitary and local filtering operations. Their analysis has lead to the introduction of en-
tanglement measures for the multipartite states, and the optimal local filtering operations
maximizing these entanglement monotones were obtained. Briand et al. [2] have studied
the invariant theory of trilinear forms over a three-dimensional complex vector space, and
applied it to investigate the behavior of pure entangled three-partite qutrit states. They de-
scribed the orbit space of the SLOCC group SL(3, C)*® both in its affine and projective
versions in terms of a very symmetric normal form parameterized by three complex num-
bers. They have also shown that the structure of the sets of equivalent normal forms is
related to the geometry of certain regular complex polytopes. Miyake and Wadati [3] have
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explored quantum search from the geometric viewpoint of a complex projective space. Re-
cently, Lévay [4] have constructed a class of multi-qubit entanglement monotone which
was based on construction of Emary [5]. His construction is based on bipartite partitions
of the Hilbert space and the invariants are expressed in terms of the Pliicker coordinates
of the Grassmannian. We have also constructed entanglement monotone for multi-qubit
states based on Pliicker coordinate equations of the Grassmann variety, which are central
notion in geometric invariant theory [6]. In this paper, we will construct a measure of en-
tanglement for general multipartite states based on the complex algebraic variety. In par-
ticular, in Sect. 3 we will construct an entanglement measure for general bipartite states,
which coincides with concurrence. In Sect. 4 we will construct a measure of entanglement
for three-partite states which also coincides with generalized concurrence, and in Sect. 5,
following the same recipe, we will construct a measure of entanglement for general four-
partite states. Finally, in Sect. 6, we will generalize our result into the general pure multi-
partite states. Now, let us start by denoting a general, pure, composite quantum system with
m subsystems as Q = QF (N{, N2, ..., N,) = Q;Q,---Q,,, consisting of the pure states
W) = Z,}:‘:l ,1:;221 Zg’:’:l Oy degyoonim K1, k2, - . ., ki) and corresponding to the Hilbert
space Hgo = Ho, ® Ho, ® -+ ® Hg,,, where the dimension of the jth Hilbert space is
N; =dim(Hg;). We are going to use this notation throughout this paper. In particular, we
denote a pure two-qubit state by Q5 (2, 2). For those readers who are unfamiliar with alge-
braic and projective variety we give a short introduction to these topics, however the standard
references for the complex projective variety are [7, 8].

Let {fi, f2, ..., f,;} be continuous functions C" — C. Then we define a complex space
as the set of simultaneous zeroes of the functions

Ve(fi, for o J) =11, 22, ..., 20) €C" 2 fi(z1, 22, ...,20) =0, V1 <i<gq}. (1)

The complex space becomes a topological space by giving them the induced topology from
C". Now, if all f; are polynomial functions in the coordinate functions, then the real (com-
plex) space is called a real (complex) affine variety. A complex projective space CP" is
defined to be the set of lines through the origin in C"*!. That is, CP" = (C"*! — 0)/ ~,
where ~ is an equivalence relation define by (x1, ..., X,41) ~ V1, .-, Yur1) © I € C -0,
such that Ax; = y;V 0 <i <n. For n = 1 we have a one dimensional complex manifold
CP!, which is a very important one, since as a real manifold it is homeomorphic to the
2-sphere S, e.g., the Bloch sphere. Moreover, every complex compact manifold can be em-
bedded in some CP”". In particular, we can embed a product of two projective spaces into
the third one. Let { f1, f2, ..., f;} be a set of homogeneous polynomials in the coordinates
{a1, 02, . .., pyq} of C*F1. Then the projective variety is defined to be the subset

V(fi, frroos f) =Hlar, ... a1 € CP": filay, ..., ap1) =0, VI <i<gq}. (2)

We can view the complex affine variety Vc(fi, f2, ..., f;) C C"*! as a complex cone over
the projective variety V(f1, f2,..., f,)-

2 Grassmann Variety

In this section, we will define the Grassmann variety in terms of the Pliicker coordinate
equations [9] which is necessary for understanding what follows in the following section,
where we will construct measure of entanglement based on the Pliicker coordinate of the
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Grassmann variety. Let V be a complex vector space of dimension d >2 and 0 <r <d
be an integer. Then the Grassmannian Gr(r, d) is defined as the set of all »-dimensional
subspaces of V, that is

Gr(r,d) = {W : W is a subspace of V of dimension r}. 3)

Alternatively, the Grassmannian Gr(r, d) can considered as the set of all r — 1-dimensional
linear projective subspaces of CP?~!. The simplest example of the Grassmannian is Gr(1, d)
which is the set of all one dimensional subspaces of complex vector space V which is the
complex projective space on V. Now, we can embed Gr(r, d) into P(/\" (C?%)) = CPV, N =
ﬁ — 1, by using the Pliicker map L — /\" (L), where L is the subspace to be embed-
ded in the exterior product /\r (C% for 1 <r <d whichis a subspace of CM®..-@CNn,
spanned by the anti-symmetric tensors. The Pliicker coordinates P; j, .,
i, <d are the projective coordinates in this projective space. Next, let C[A(r,d)] be a
polynomial ring with the Pliicker coordinates P, indexed by elements of the set A(r, d)
of ordered r-tuples in {1, 2, ...d} as its variables. Then the image of the map

<ip<---<

k : C[A(r,d)] — Pol(Mat, ), )

where Mat, 4 is a r X d matrix, which assigns to P, ;, ;, the bracket polynomial [iy, i2, ..., i,]
is equal to the sub-ring of the invariant of the polynomials. The bracket function
[i1,i2,...,i-] on the given matrix Mat,, is equal to the maximal minor formed by the
columns from a set of {1, 2, ..., d}. Alternatively, let {e|, e, ..., e4} be a basis for complex
vector space V. Then the canonical basis for /\" V is given by

{eiy Neiy N Nep |1 <0y <+ <0 <d). (@)

Now, let W be a r-dimensional subspace of V with basis {w;, wy, ..., w,} then the Pliicker
coordinates is given by P;, i, i (W) =w; A wy A --- A w,. Moreover, the kernel Z, ; of
the map « is equal to the homogeneous ideal of the Grassmann in its Pliicker embedding.
Furthermore, the homogeneous ideal Z,. ; defining Gr(r, d) in its Pliicker embedding is gen-
erated by the quadratic polynomials

r+1
Prs =Y () Piiv i Pttt ©)

t=1

where [ = (iy...i,_1), 1 <ij<---<i,_y < ji,fori=1,...,r+1l,and J = (Jy, ..., jr+1),
1 <ji <--- < jr41 <d are two increasing sequences of numbers from the set {1, 2, ..., d}.
Note that the equations P; ; = 0 defining the Grassmannian Gr(r, d) are called the Pliicker
coordinate equations. For example, for Gr(2, d) and r = 2, we have

Prs=—=PFi i Pjrjs + Piy s Pji.js = Pis s Pr ) )

where I = (iy), and J = (ji, j», j3). Note that, by its construction, the Grassmannian
Gr(2, d) is a homogeneous space with the Pliicker coordinates are invariant under transfor-
mations of the form S ® --- ® I ® I, where S € SL(2, C) rotating the linearly independent
basis vector in L. Moreover, there are many complex manifolds that cannot be embedded in
complex projective space.
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3 Measure of Entanglement for General Pure Bipartite States

The simplest composite quantum system is the bipartite states. So, in this section, we will
concentrate on the construction of a measure of entanglement for general pure bipartite
states based on Pliicker coordinates of the Grassmann variety. Let us consider the quantum
system Q5 (N, N,). We now define a matrix

Ol]q] 011’2 OllyN2

| 21 022 e 2 N,
NIatN],N2 = . . . s (8)

AN 1 ON2 e 0NN,

where, we have only 1 permutation by definition. This is very important to keep in mind
when we construct an entanglement measure for multipartite states based on the Pliicker
coordinates of the Grassmann variety. In the case of multipartite states we need to apply this
procedure for all possible permutation of indices. Now, let us consider a quantum system
Qé’ (2, N»), where in this case we have r = N; =2 and d = N,. Then, we define

3
i jipl 1o ft—1Jtt 1503
glz,j(Matle]’Nz(vv ,LL)) — Z(Pl] J Pilyj, + PlJl Ji—1Jt+1 J'%P

t=1

1
Tl di=1Jt4150 js)

1

1
i1,J1 i

J2:J3
1
i1,J3

i, hp!
+ Pl Pi].j2
j1-ip!
+ PP L, )

— Plil'jlﬁ + Pljz,.féﬁ
+ Pljl,hﬁj‘],j; + Plil»j.z?
where Mat,l\,lq w, 18 give by matrix (8). Thus, a measure of entanglement for general pure
bipartite states based on equation (9) is given by

12
QLN M) = (A Y €3, Mt 02100

V<[

N Ny 172
=<N2 Z Z |0lk.,k20l11.12—ak,$120l11,k2|2> , (10)

1 >k1=11ly>ky=1

where (Mat}\,]. Ny (v, n)) refers to rows v and w of matrix (8). This measure coincides with
the generalized concurrence given in [10, 11]. However, this measure of entanglement which
corresponds to rows v < p of matrix (8) is invariant under action of SL(2, C).

4 Measure of Entanglement for General Pure Three-Partite States

In this section, we will construct a measure of entanglement for general pure three-partite
states based on the same method with which we have constructed a measure of entanglement
for bipartite states. However, in the case of the bipartite states we only need to consider
one matrix, that is, there is only one permutation, but for three-partite states we need to
consider all possible permutations, namely three possible permutations of ji, ja, jz. So, let
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us consider the quantum system Qg (N1, N», N3). Then we define the matrices

o111 @112 .- O Ny N;

. 21,1 @212 ... 02N, N3
Math vy =] . ) , (11)

ONpLL ON1L2 e ON| NN

o111 Q12 ..o 0NN

) aq,1,1 ®122 ... ON2N;
Mat,\,l,,\,%,\,3 = . . . . (12)

O1,Ny, 1 QI N2 --- QN| Ny N3

The matrix Mati,lq N,.n; Can also be constructed by permutation of indices of the matrix

Matz‘vl, N,.n;- Now, following the same recipe as in the case of the bipartite states, we can
construct a measure of entanglement for general pure three-partite states as

E(QY(Ny, Ny, N3))

3 1/2
2 J
il BAE Z ZgIJ(MatNLNz,N} v, 1)
j=lv<u
4 12
_ injipl Jledt=1Jt415 03
= (N3 (PP + P Py iitieriend)
t=1
3 1/2
2
A
=N Z |ak1,k2,k30‘11,12,l_g T Qg1 k3 @y kI | (13)
j=1

where e.g., (Mat}\,l’ NaoNs (v, w)) refers to rows v < u of matrix (11). The measure of entan-
glement for three-partite states (13) coincides with generalized concurrence [11] and has
a well-defined geometrical interpretation in terms of the Pliicker coordinates of the Grass-
mannian. This geometrical illustration can gives us some intuition about the properties of
multipartite entanglement in general. Moreover, this measure is an entanglement monotone
for three-qubit states.

5 Measure of Entanglement for General Pure Four-Partite States

Next, we will construct a measure of entanglement for general pure four-partite states fol-
lowing the same recipe as in the case of three-partite states. However, the difference in this
case compares to three-partite states is that we have more than two sets of permutations.
So, let us first look at the first set of permutations which is given by permutations of the
following matrix

Q1,11 Q1,12 .- O Ny N3Ny

| a.1,1,1 21,12 .- 02 Ny N3 Ny
Maty, n, ny v, = . . . . (14)

ONj111 o ON 112 - QN Ny N3Ny
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That is, Mat{vl_ Ny.Ns.Ng» J =2, 3,4 can be constructed in the same way as in the case of
three-partite states by permutation of indices of matrix (14). The second set of permutations
can be constructed by simultaneous permutations of two of the indices of the matrix

®p,1,1,1 @p,1,1,2 O1,1,N3,Ny
12 2211 02212 Q2.2 N3, Ny
MatN],N2,N3,N4 = . . . . (15)
0N Ny, LT ON| Ny 1,2 oo+ QN Ny N3, Ny

Again, the matrix Mat’,“v’f, Ny NsN, fOr 1=k <1=2,3,4 can be constructed by permutations
of matrix (15). For example, for quantum system Qf: (2,2,2,2), we have

1,2 a1, 211,12 @121 @122
Mat2.242,2 = IR EE ) B ) EEEET) ) s
Q2211 ©2212 2221 Q2222

(16)

1,3 Q1,1 %L, %1201 @121,
Maty,, = ' .
R 12,1 Q2122 Q2221 Q®2222

Thus, for four-partite states, we need to consider to different types of matrices which we
have constructed by different sets of permutations. Now, we can construct a measure of
entanglement for a general pure four-partite state as

4

E(QY (N1, Ny, N3, Ny)) = (M DO & Mat)y v, vy x, (2 1))

j=lv<u

172

+Y N e Maty v (0. ) , (17)

k<l v<p

where, e.g., (Mat}\,l.Nz’N%M(v,,u)) refers to rows v < u of matrix (14) and

(Mat,l\;lzy Ny N3 N3 (v, n)) refers to rows v < u of matrix (15). For multi-qubit states, this mea-
sure of entanglement is an entanglement monotone by construction.

6 Measure of Entanglement for General Pure Multipartite States

In this section, we would like to generalize our result from four-partite states to m-partite
states in a straightforward manner. For example, the first set of permutations is given by
permutations of the matrix

apa,...1 11,2 oo LNy, Ny

| a1,.,1 ®21,..2 .- O2Ny . Ny
Maty, v, ..x, = : : : : (18)

N1, ONpLL2 e 0NNy L Ny

All other sets of permutations can be constructed by permutations of the matrix
Maty 0" for all (py, pa, .., pw) € 0 (ji, jas -+ jm)s Where o (ji, ja, ..., jm) denotes
the sets of all possible permutations of jj, ja, ..., j,. as we have illustrated in the cases of
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three- and four-partite states. Next, we can construct a measure of entanglement for general
pure multi-partite states as

1/2

E(QY(N\, Na, ..., No)) = [ N > > o&t Matgl e o) |, (19)

V(1o Pm)EO(j1,eees Jm) V<it

where, e.g., (Mat}vl,Nszm (v, w)) refers to rows v < u of matrix (18) from the first set of
permutations of ji, jo, ..., ju. Again, by construction this measure of entanglement is an
entanglement monotone for multi-qubit states.

7 Conclusion

In this paper, we have constructed a measure of entanglement for multipartite states based on
the Grassmannian Gr(r, d), which was defined in terms of the Pliicker coordinate equations.
By construction our measure vanishes on product states and it is invariant under actions
of the special linear group. In particular, we have explicitly constructed measures of en-
tanglement for bipartite states, three-partite states and four-partite states in a concrete way
that can be directly applied to any such general pure state. The measure of entanglement
coincides with the concurrence for bipartite and three-partite states, which can be seen di-
rectly from the expression and our measure of entanglement is an entanglement monotone
for multi-qubit states. Finally, we hope that our result can give some geometrical insight to
solving such interesting problem of the fundamental quantum theory with wide application
in emerging field of the quantum information and quantum computing.
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